Abstract. Based on the analogy between knots and primes, J. Hillman, D. Matei and M. Morishita defined the Iwasawa invariants for sequences of cyclic covers of links with an analogue of Iwasawa's class number formula of number fields. In this paper, we consider the existence of covers of links with prescribed Iwasawa invariants, discussing analogies in number theory. We also propose and consider a problem analogous to Greenberg's conjecture.
Introduction
Let L = K 1 ∪ K 2 ∪ · · · ∪ K r be an r-component link in the 3-sphere S 3 . Let ℓ ij = lk(K i , K j ) be the linking number of the components K i and K j (i = j). Let X be the complement of an open tubular neighborhood of L, and G L = π 1 (X) the link group of L. Let π : X → X be the maximal abelian cover of X. Let [m i ] ∈ G L be the class of the meridian m i of the component K i , where we regard m i as a loop from the base point * of X. Then Based on the analogies between link groups and Galois groups of number fields with restricted ramification (cf. [18] [19] [20] etc.), we regard X as an analogue of the maximal free abelian pro-p-extension k of a number field k, where p is a fixed prime number. Then the Iwasawa theory for k/k is set up in parallel with AlexanderFox theory (cf. e.g. [4] [21] ). Let S = {℘ 1 , ℘ 2 , · · · , ℘ r } be the set of all primes of k lying over p, and G S = G S (k) the Galois group of the maximal pro-p-extension of k unramified outside S. Then
for a subgroup G ′ S and δ ≥ 0, where Z p is (the additive group of) the p-adic integer ring, and r 2 is the number of infinite complex places of k. Leopoldt's conjecture predicts that δ = 0 for any k and p (cf. [27] Theorem 13.4). For the simplicity, we assume that δ = 0 throughout this paper. If k has the class number h k ≡ 0 (mod p), G S /G of some ℘ j . The S-ramified Iwasawa module X S = G 
, we have an infinite cyclic cover X z → X (resp. a Z p -extension k ∞ /k) corresponding to the kernel. Iwasawa [9] gave a formula for the growth of the p-parts of the class numbers in the Z p -extension k ∞ /k (cf. §2). Hillman, Matei and Morishita [7] (and [10] ) gave an analogous formula for the growth of the p-parts of the order of 1-homology groups in the tower of p n -fold cyclic branched covering spaces of L along X z (cf. §2 Theorem 2.1 (2)). These formulas are described by the Iwasawa invariants λ, µ and ν, which are closely related to the structure of link modules or Iwasawa modules.
In this paper, we show some basic properties of Iwasawa invariants of L, discussing analogies with Iwasawa theory of number fields. In §2 and §3, we decide the parity of λ-invariants of L and the existence of L with prescribed λ-and µ-invariants. We also give some examples of 2-component links L with explicit Iwasawa invariants. In §4 and §5, we propose and consider an analogous problem to Greenberg's conjecture which asserts that the maximal unramified quotient of X S is pseudonull.
Notations. For a noetherian unique factorization domain Λ and a finitely generated Λ-module A, we denote by rank Λ A the free rank of A. The divisorial hull of an ideal E is the intersection of all principal ideals of Λ containing E (cf. [6] p.49). Let E Λ (A) as a principal ideal. A finitely generated torsion Λ-module A is pseudonull if and only if the divisorial hull of the annihilator ideal Ann Λ A is Λ (cf. [6] Theorem 3.5), i.e., Ann Λ A has at least two relatively prime elements. We denote by |A| the order of a Z-module A. Note that |A| = 0 if A is infinite. Let v p be the additive p-adic valuation normalized as v p (p) = 1, and
the p n th cyclotomic polynomial for n ≥ 1.
Iwasawa invariants and Alexander polynomials
For f (t) ∈ Λ 1 = Z[t ±1 ], we denote by deg ′ f (t) the reduced degree as a Laurent
Then Ker σ z corresponds to an infinite cyclic cover X z → X, and the reduced Alexander polynomial associated to X z is defined in
, X 1 is called the total linking number covering space of X. Let M z,p n → S 3 be the Fox completion (cf. e.g. [20] ) of the p n -fold subcover X z,p n → X of X z → X.
] the ring of formal power series. We can regard Λ 1 as a subring of Λ 1 by identifying
by the p-adic Weierstrass preparation theorem (
As pointed out by Mazur [17] , the objects analogous to these invariants are as follows. The Z p -extension k ∞ /k is regarded as a tower of cyclic subextensions k n /k of degree p n . The Galois group Y k∞ of the maximal unramified abelian pro-p-extension
is a distinguished polynomial of degree λ k∞ . Then there is an integer ν k∞ satisfying Iwasawa's class number formula (cf. e.g. [27] );
for all sufficiently large n, where Cl(k) denotes the ideal class group of a number field k which is analogous to H 1 (M; Z) of a rational homology 3-sphere M.
As an analogy of Iwasawa's formula, we have obtained the following theorem (cf. [7] Theorem 5.1.7, [10] Theorem 2.1 and its proof).
for all sufficiently large n.
Remark. The formula of (1) is a direct consequence of Mayberry-Murasugi's formula (cf. [16] [24]). The formula of (2) is induced from (1) by similar arguments to the proof of Theorem 5.1.7 of [7] .
By the basic properties of Alexander polynomials, we obtain the following theorem, which decides the parity of λ L,z and the existence of L with prescribed λ L,1 and µ L,1 .
and put
Remark. We note that λ L,1 ≡ r − 1 (mod 2) even if p = 2. If p splits completely in k, we have an analogy:
where k cyc ∞ /k is the cyclotomic Z p -extension (cf. e.g. [3] ). Refer to [1] (resp. [23] ) for the existence of k ∞ /k with prescribed λ k∞ (resp. µ k∞ ).
2-component links
In this section, we consider the Iwasawa invariants of 2-component links.
Proof. We may assume that v = v p (z 2 ) ≥ v p (z 1 ) = 0. Since the covering space X z,p n for n ≤ v corresponds to the kernel of
then M z,p n is the cyclic branched covering space along
The following theorem shows the relationship between the linking numbers and Iwasawa invariants.
with some
. By Lemma 3.1 and Theorem 2.1 (1), we have λ L,z = 1, µ L,z = 0 and
Since the linking numbers are analogous to the power residue symbols, Theorem 3.2 can be regarded as an analogy of Gold-Sands's theorem (cf. [2] , [25] Proposition 2.1). Let k be an imaginary quadratic field in which p splits completely. Then S = {℘ 1 , ℘ 2 } and r 2 = 1. There is some π 2 ∈ k such that ℘ 
As a generalization of this result, Ozaki [22] proved that if Greenberg's conjecture (cf. §4) holds for k/k then λ k∞ = 1 and µ k∞ = 0 for all but finitely many k ∞ /k. On the other hand, the following theorem implies that if v p (ℓ 12 ) > 0, in particular ℓ 12 = 0, then λ L,z is not necessary bounded as z is varied. Figure 1 , where
and |H 1 (M z,p n ; Z)| = 0 for any n.
(2) Let L = C(2a, 2b, −2a) be a 2-bridge link in a Conway's notation, where
Moreover, |H 1 (M z,p n ; Z)| = 0 for any n if and only if
Proof. For any 1 ≤ z ∈ Z, we note that
(1) By direct computations, one can see that
3 which is not divisible by Φ p n (t) for all n > v.
Therefore |H 1 (M z,p n ; Z)| = 0 for any n by Theorem 2.1 (1) and Lemma 3.1. Since
with some U(T ) ∈ Λ × 1 , we obtain the claim (1). (2) By [11] etc., we have
. By Theorem 2.1 (1) and Lemma 3.1, |H 1 (M z,p n ; Z)| = 0 for some n > v if and only if v p (a) > 0 and
with some U(T ) ∈ Λ × 1 , we obtain the claim (2).
In the case where p = 2, Theorem 2.2 (iii) and the following theorem show the existence of a pair of 2-component link L and z with prescribed λ L,z ≥ 1 and µ L,z ≥ 0. Proof. First, we consider the case ℓ ≥ 1. Put
and put z = (1, 4) if ℓ ≥ 2, and z = (1, 2) if ℓ = 1. By a consequence of Bailey's theorem (cf.
[6] Corollary 7.4.1, [14] ), there is a 2-component link L such that ∆ L = ∆(t 1 , t 2 ) (and ℓ 12 = 0). Then
and |H 1 (M z,2 n ; Z)| = 0 for any n by Theorem 2.1 (1) and Lemma 3.1. Since
, we have λ L,z = 2 + 2ℓ and µ L,z = m. If ℓ = m = 0, put L = C(4) the 2-bridge link, and put z = (1, 2). Then we have ∆ L = t 1 t 2 + 1 by [11] and hence ∆ L,z (t) = (t − 1)(t 3 + 1). By Theorem 2.1 (1) and
, we have λ L,z = 2 and µ L,z = 0.
Suppose that ℓ = 0 and m ≥ 1. Put 
and hence Res Z (N, B) = ±2 m . Since each row of Q is contained in the kernel of the surjective homomorphism (N, B) ).
Therefore there exist some
2 ) and put
Since ν(1) = 2 m and β(1) = 0, then f (1, 1) = F (2) = 1 and hence F (t + t −1 ) is not divisible by Φ 2 n (t) for all n. By a consequence of Bailey's theorem (cf. [6 
z ∆(t 1 , t 2 ) for some z ≥ 0 (and ℓ 12 = 2 m+1 ). For z = (2, −1), we have
is even, then ℓ 12 is even and z 1 + z 2 is odd by Theorem 2.2 (ii).
Greenberg type problem
We shall consider a problem analogous to Greenberg's conjecture. Put the ring
] of r-variable formal power series. Let G be a pro-p group with a surjective homomorphism ψ :
1+T i ↔ γ i , and the completed differential module of G is defined as
S is the S-ramified Iwasawa module which is a finitely generated Λ r 2 +1 -module, and we have the completed Crowell exact sequence [21] ). Let M S be the Λ r 2 +1 -submodule of A G S generated by dτ where τ are the elements of the inertia subgroups of G S . Then M S ∩ Ker θ 2 is generated by dτ such that τ | k = 1, and hence
is the Galois group of the maximal unramified abelian pro-p-extension of k. Greenberg [5] conjectured that the unramified Iwasawa module Y k is a pseudonull Λ r 2 +1 -module.
The analogue of Y k is defined in a similar way as follows. Let ψ :
be the natural surjective homomorphism, and put the differential module
M L is an analogue of M S , and we have the Crowell exact sequence
Remark. It is known that rank Λ r 2 +1 X S = r 2 and X S has no nonzero pseudonull Λ (2)).
Then the following problem arises as an analogue of Greenberg's conjecture.
Problem. Is Y L a pseudonull Λ r -module ?
For this problem, we obtain the following criteria and examples. We denote by Λ r,J the localization of Λ r by the multiplicative system J = {f ∈ Λ r | f (1, 1, · · · , 1) = 1}. Note that Λ r,J is flat over Λ r (cf. [15] §7).
Since ∆ L and f are relatively prime in Λ r by the assumption, the divisorial hull of Ann Λr Y L is Λ r , i.e., Y L is pseudonull.
(ii) By Theorem 4.12 (1) (2) of [6] , A L ≃ B L ⊕ Λ 1 , and B L is Λ 1 -torsion and has no nonzero pseudonull
(2) Let L = C(2p m , 2b, −2p m ) be a 2-bridge link where p is a prime number.
Then we have
such that f (0, 0) = 0, and put g = Φ p n (t 1 t 2 )/f . We denote by deg i the degree as a polynomial of one variable t i . Since Φ p n (t 1 ) is irreducible, we have g(t 1 , 1) = Φ p n (t 1 ) and
and hence deg 1 f (t 1 , t 2 ) = 0. Similarly, deg 2 f (t 1 , t 2 ) = 0. This implies that f = 1. Therefore Y L is a pseudonull Λ 2 -module.
Pro-p link module
We can also regard the pro- Proof. There is a natural homomorphism ϕ :
By [7] (3.1.2) (3.1.6) and [20] Theorem 9.14, we have A G L ≃ A L . Then there is a commutative diagram
with exact rows, where the bottom row is the completed Crowell sequence for G L . Therefore ϕ is an isomorphism.
The following proposition is a background of Theorem 3.2. Remark . Y k = 0 for the analogous situation (cf. §3). This proposition is also a consequence of Theorem 1.1.6 of [7] .
A pro-p version of Greenberg type problem has trivial answer as follows. Proof. By Levine's theorem [13] , Y L ⊗ Λr Λ r ≃ (Y L ⊗ Λr Λ r,J ) ⊗ Λ r,J Λ r ≃ 0 ⊗ Λ r,J Λ r ≃ 0.
This proposition implies that the Iwasawa invariants λ L,z , µ L,z and ν L,z are related to only the structure of the module M L ⊗ Λr Λ r genetared by meridianal elements.
